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Effective Selection of Piezoceramic Actuators
for an Experimental Flexible Wing

K. B. Lim,¤ R. C. Lake,† and J. Heeg‡

NASA Langley Research Center, Hampton, Virginia 23681

The effectiveness of individual or subsets of piezoceramic actuators are investigated in terms of their contribu-
tions to the joint controllability and observability for a � xed set of sensors. The method used is based on the
decomposition of the Hankel singular values in terms of individual sensor and actuator combinations for � exible
structures. The degree of participation of the individual structural modes in the � utter control problem is used
to weigh the actuator selection metric in the feedback loop. Simulation results based on H2 and H 1 control law
designs indicate that closed loop performance can be improved signi� cantly and the performance improvement is
independent of the particular type of control law.

I. Introduction

T HE piezoceramic aeroelastic response tailoring investiga-
tion (PARTI) wind-tunnel model at NASA Langley Research

Center1;2 is an aeroelastic testbed for active control of � utter via
piezoceramicactuators.Unlike traditionalapproachesto active � ut-
ter control using control surfaces that are usually predetermined in
their size and location on the wing, the recent technology of bond-
ing potentially many discrete piezoceramic actuators directly on a
three-dimensionalwing structuremotivates the questionof effective
locationsin termsof controllabiltyand observability.Physically,this
effectivenesstranslates to requiring less controleffort and improved
signal to noise ratio.

There are many issues affecting actuator selection for aeroelas-
tic systems that go beyond the scope of this paper. For instance,
it is desirable to select actuators for designing control laws that
can maintain stability and achieve desired performanceover a wide
range of operating conditions (Mach and dynamic pressure), which
have potentially large differences in relative controllabilityand ob-
servability. A typical example is control reversal, where the con-
trollability goes from positive to zero to negative over a range of
speeds. Another issue affecting actuator selection is robustness and
fault tolerance. The issue addressed in this paper is the selection of
actuators at a single operating point. In particular, the number and
location of piezoceramic actuators are addressed. The � nal goal is
to identify effectiveactuator locations so that feedbackcontrol laws
can be designed and implemented for improving the performance
of an actively controlled � exible wing during predicted open-loop
� utter. Knowing effectiveactuator locations will clearly necessitate
a fewer number of actuators. Obviously, an exact minimal number
of actuatorsmust dependon a given desirableperformancelevel for
a particular control objective and constraints. For this reason, the
goal of the actuator selection methodologyconsidered in this paper
is not to determine the minimal number, but rather to determine the
relative effectivenessof individual or a set of actuators.

Many studies on actuator selection exist in the open literature
and a partial list of citations can be found in Ref. 3. Among various
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actuator selection metrics that exist in the literature, an approach
based on the joint controllabilityand observability that is quanti� ed
by Hankel singular values (HSV) is considered.4 A detailed dis-
cussion of the physical interpretation and signi� cance of HSV and
grammian matrices is found in Ref. 3. Recently in Ref. 5, the use
of a HSV formula as an actuator selection metric6 was extended to
� exible structures modeled in discrete time.7

In this investigation, the design and analysis algorithm for actu-
ator selection, as formulated in Ref. 5, is examined from a � utter
control design viewpoint. The outline of the paper is as follows. In
Sec. II, the dynamical model for the PARTI wing used in the actua-
tor selection is given. A nonparameterizedidenti� ed model, from a
wind-tunnel system identi� cation experiment, is used to generate a
reduced-order model that captures the modes involved in the wing
� utter. Section III outlines the treatment of the active � utter con-
trol problem in the framework of a disturbance rejection problem.
The HSV associated with each structural mode in the disturbance
rejection problem is used to weigh the actuator selection metric.
In Sec. IV, the metric used in the actuator selection is described.
The metric is a weighted sum of HSV and is based on an approxi-
mate analytical formula. In Sec. V, two case studies for the PARTI
wing model are outlined. For comparison purposes, optimal actu-
ator selection is considered under different � utter control problem
de� nitions. In Sec. VI, the analysis results in Sec. V are evaluated
by applying two popular control strategies, namely, H2 and H1 , to
design control laws to compare closed-loop performance. The de-
pendenceof the actuator selection results on the type of control law
and control problem is examined. Section VII gives a few conclu-
sions.

II. Flexible Wing Model
Figure 1 shows the sensorsand actuatorsdistributedon the PARTI

wing model. This model has a total of 72 actuators adhered to both
sides of the wing, which are hard-wired to actuate in 15 different
groupings such that each group primarily affects one of the � rst
three natural modes of the wing. The actuators are con� gured to
impart differential bending moments to the wing and are able to
affect both the bending and torsion modes of the model by virtue of
the bend–twist elastic coupling inherent in the layup of the graphite
epoxy wing spar, as well as the sweep angle of the wing design.

A model for the PARTI wing was identi� ed from test data using
an observer Markov-based technique (OKID)8 and was realized in
state spaceusing the eigensystemrealizationalgorithm(ERA).9 The
identi� ed model was obtained at a dynamic pressure of q D 75 psf
with the model con� gured in the normal testing mode, where the
� utter stopper was in the undeployed condition.1;2 The sampling
rate used was 200 Hz. Figure 2a shows the eigenvalues of the full
model with 40 states. Without discriminating � utter modes from
non� utter modes, applying internal balancing to the 40 state model
using all inputs .w; u/ to all outputs .z; y/ indicated that no state
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Table 1 Eigenvalues of reduced PARTI model
at q = 75 psf and 200 Hz

Mode no. Frequency (in Nyquist) Eigenvalues

1 0.0503 0.9762 § 0.1555i
2 0.0955 0.9297 § 0.2876i
3 0.1757 0.8291 § 0.5105i
4 0.3558 0.4243 § 0.8720i

Fig. 1 Locationof strain gauges and piezoceramic actuators on PARTI
model.

a) Identi� ed b) Reduced

Fig. 2 Eigenvalues of PARTI model at q = 75 psf and 200 Hz sampling
rate.

can be reduced without incurring a signi� cant error in terms of its
singular values.10 Most of the modes appear to be lightly damped
high-frequency (greater than half of Nyquist frequency of 100 Hz)
modes with several well-damped states on the real axis. Figure 2b
shows the poles of the reduced-order model after truncating well-
dampedstates that lie on the real axisandall higherfrequencymodes
that are beyond 50 Hz (half of Nyquist frequency). The rationale
for the truncation is that the important aeroelastic modes are well
below 50 Hz and the overdamped real poles contributevery little to
the overall response.The reduced model � nally used in the actuator
selectionstudyconsistedof four modes.Table 1 shows the valuesof
the discrete eigenvaluesof the reducedeight-statemodel used in the
actuator selection study. Modes 1 and 3 correspond to the � rst two
bending modes, whereas mode 2 corresponds to the � rst torsional
mode. The � rst torsional and bending modes eventually coalesce,
leading to � utter.

III. Flutter Control and Disturbance Rejection
Flutter is an undesirable oscillatory response associated with a

dynamic instability due to coupling between the wing structural
deformationand the aerodynamicloading.Under a given condition,
for example, at a dynamic pressure near the onset of � utter, the
response, stabilitymargins, controllability,and observabilitycan be
predicted by a linearized model. In this study, a linear model of the
PARTI wing at a condition near � utter (q D 75 psf) is used. Flutter
occurs at q D 76 psf and is manifested as a coalescence of the � rst
bending and � rst torsion natural modes of the PARTI wing model.

Active control of � utter is viewedas a disturbancerejectionprob-
lem for a linearly unstable or nearly unstable system from the con-
trols perspective.

Figure 3 shows a schematic of the disturbancerejection problem,
where

Fig. 3 Flutter control as a disturbance rejection problem.

z

y
D

P11 P12

P21 P22

w

u
D P

w

u
(1)

As a necessary starting point for the actuator selection problem
addressed, the disturbance source w, the output response de� ning
the performance z, and a set of sensor outputs used for feedback
y are assumed known. For this investigation, disturbance inputs w
are chosen as the piezoceramicactuators numbers 7 and 8, whereas
two different sets of outputs are used as the performance variables
z that de� ne the � utter response (strain gauges 1 and 2 for case 1
and strain gauges 9 and 10 for case 2). Strain gauges 1 and 2 are the
measured sensor outputs y used for output feedback control. The
task is to determine the most effective set of actuators u among the
given set of piezoceramic actuators. For this study, only the � rst
eight actuators were considered for simplicity.

Note that, in a generalmultivariablecontrol design framework,11

the augmented plant P is assumed given, and the problem is to
design a suitable controller K to minimize a suitable norm of the
transfer function matrix from the disturbance to the performance
outputs. The dif� culty in the actuator selection problem is that only
P11 and P21 are known from the disturbancerejection de� nition and
the � xed set of sensors assumed. The remaining models, P12 and
P22 , i.e., the effect of actuators to performance and sensor outputs,
will be de� ned by a judicious selection of actuators.

Suppose all candidate actuator locations are given and a determi-
nationof themost effectiveactuatorcon� gurationfor a � xednumber
of actuatorsis desired.A direct approach to selectingef� cient actua-
tors to optimizea givenclosed-loopperformancemetric will involve
computing an optimal control law for each candidate con� guration
of actuators and then selecting the con� guration with the optimal–
optimal con� guration.However, the computationaleffort necessary
to solve the combinatory problem with optimal controller design
may not be trivial. To illustrate, consider the computationalrequire-
ments for placing exactly 8 actuators on 48 candidate locations,
based on optimal linear quadratic Gaussian (LQG) metric. Com-
puting all combinations requires solving C.48; 8/ D 377; 348; 994
LQG control problems.Therefore, if it takes10¡2 s to solvean LQG
problem, the total time needed will be roughly 43 days. Obviously,
if an optimal H1 controller is to be used, the computational effort
necessarywouldbe a bitmore challenging.The computationaleffort
necessary in a combinatory type search for a global optimum may
be inconvenient, even for a modest size problem, because the com-
putational effort grows factorially with the size of the problem.12

Furthermore, a different number of actuators, for example, 6 in-
stead of 8, will likely require a completely new set of calculations.
A partial list of earlier attempts using the closed-loopapproach can
be found in Ref. 3.

The alternativeapproach,which is followed in this study, is to se-
lect actuators from their open-loopcharacteristics.This open-loop-
basedapproachdoes not require the simultaneousconsiderationof a
control law because closed-loopperformanceis not directly consid-
ered. Instead, the open-loopapproachwill suggesteffectiveactuator
and sensorcon� gurationsbasedon the degreeof joint controllability
and observability for the open-loop system and, therefore, should
apply for any type of control law.

IV. Actuator Placement Metric/Strategy
A. HSV of Flexible Structures

For a general linear time invariantmultivariablesystem, the HSV
and the corresponding principal directions depend on the sets of
inputs and outputs given. This means that, in general, there is no
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relation between any HSV from a given set of inputs and outputs
to a different set. However, for � exible structures, the principal di-
rections correspond individuallyto modal states3;5¡7 and are almost
independentof the inputs and outputs. The innovation of the selec-
tion metric considered in this paper is that the HSV from the inputs
and outputs characterizing � utter response are used to weigh the
summed HSV from candidate actuators to sensor sets. This section
will brie� y overview the results given in detail in Ref. 5, beginning
with a de� nition of a state-space model that HSV is based on.

Let the quadruple .Az; Bz; Cz; Dz/ be the reduced discrete state-
spacemodel. The pair .zi ; vi / are the i th eigenvalueand eigenvector
of Az and T is the sampling period. For a lightly damped � exible
structure, the i th discrete eigenvalue lies just inside the unit circle
and is written as

zi D exp.¡±i C jÃi /T (2)

where ¡±i C jÃi corresponds to the i th pole of an equivalent con-
tinuous system. By using the similarity transformationmatrix

V D [r1; : : : ; rn ] (3)

where ri D [Re.vi / ¡ Im.vi /], the state equations are block diago-
nalized to the form

x.k C 1/ D QAx.k/ C QBu.k/ (4)

y.k/ D QCx.k/ C QDu.k/ (5)

where

QA D blk-diag. QA1.T /; : : : ; QAn.T // (6)

QB D V ¡1 Bz; QC D Cz V ; QD D Dz (7)

and

QAi D
Re.zi / ¡Im.zi /

Im.zi / Re.zi /
(8)

Note that the preceding similarity transformation does not give a
balanced state but produces states whose eigenvectors (modes) ap-
proximately correspond to principal directions.7

For p actuators and q sensors, the input and output matrices
consist of p columns and q rows, respectively,

Bz D Bz1 ; : : : ; Bz p ; C T
z D C T

z1
; : : : ; C T

zq
(9)

Partitionthe inversestate transformationmatrix in Eq. (3)as follows:

V ¡T D lT
1 ; : : : ; lT

n (10)

where li are 2 £ 2n matrices made up of components of i th left eig-
envector. For a stable and minimal system . QA; QB; QC/, the triple is
balanced if its controllabilityand observabilitygrammiansare equal
and diagonal4

Wc1 D Wo1 D 02 (11)

where 02 > 0 is the diagonal matrix of the HSV of the system. The
steady-statediscretetime controllabilitygrammian Wc1 andobserv-
ability grammian Wo1 satisfy the following Sylvester equations:

QAWc1
QAT C QB QBT D Wc1 (12)

QAT Wo1
QA C QC T QC D Wo1 (13)

Because of the diagonal dominance property of the discrete con-
trollability and observability grammian for � exible structures, the
square of the i th HSV can be approximated by7

° 4
i

»D
tr[ QB QBT ]i i tr[ QC T QC ]ii

.4±i T /2
(14)

where ±i D ¡.1=T /Re( zi ) is a measure of damping of i th mode
and zi is the i th eigenvalue of QA. The subscripts i i are the i th

2 £ 2 block of the 2n £ 2n matrices formed from the input and
output matrices. It is shown in Ref. 7 that the simple approximate
formula, Eq. (14), is quite accurate up to frequencies near 90% of
the Nyquist frequency. Furthermore, the approximation arises due
to assumptions of small damping and distinct frequencies.

B. Actuator Placement Metric
With reference to Fig. 3, let 02

wz be the HSV from the disturbance
to the performance outputs

02
wz D diag ° 2

wz1
; : : : ; ° 2

wzn
(15)

Note that 02
wz is completely determined by joint controllabilityand

observability of the states in the system P11 due to the disturbance
rejectioninputand outputvariables.TheseHSVs capture the relative
degreeof participationof eachmode (or state) in thecontrolproblem
performance. Hence, modes that are important in the disturbance
rejection performance will correspond to larger singular values in
02

wz . Furthermore, let 02
uy be the HSV for the feedback path, i.e.,

from p actuators to q sensors:

02
uy D diag ° 2

uy1
; : : : ; ° 2

uyn
(16)

The HSVs 02
wz are completelydeterminedby the jointcontrollability

and observabilityof the states in the system P22 due to control inputs
and feedback outputs. Hence, modes that participate strongly in
the feedback loop will correspond to larger singular values in 02

uy .
Finally, de� ne a third set of HSVs from a baseline reference set of
feedback actuators to a baseline reference set of feedback sensors:

N02
uy D diag N° 2

uy1
; : : : ; N° 2

uyn
(17)

From the precedingde� nitionof the three sets of HSV, an actuator
selection metric is constructed as the weighted sum

J
n

i D 1

° 4
uyi

N° 4
uyi

° 4
wzi

»D
p

k D 1

J act
k (18)

As noted earlier, because the principal directions of the HSV for
a � exible structure are almost independent of the inputs and out-
puts, each HSV in all three sets corresponds to individualstructural
modes. Hence, the normalization by N° 4

uyi
and multiplication by ° 4

uy
to ° 4

wzi
for each mode in Eq. (18) makes physical sense. Indeed, the

analytical formula in Eq. (14), albeit an approximation, makes the
association of each HSV to each structural mode clear. Of course,
this is not so if the HSVs were calculated exactly by internal bal-
ancing transformation.

In Eq. (14), the contribution from the kth actuator is

J act
k D

n

i D 1

f 2
ik w2

i (19)

where

f 2
ik D li Bzk

2

2
(20)

and the weighting factor for the i th mode is

w2
i D 1

.4±i T /2

° 4
wzi

N° 4
uyi

q

j D 1

g2
i j (21)

where

g2
i j D Cz j ri

2

2
(22)

Note that fik (gi j ) denotes the in� uence of the kth actuator ( j th
sensor) on the i th mode. Additional factors that contribute to the
weighting factor include damping, signi� cance with respect to dis-
turbance rejection, and the reference HSV for the i th mode.

Note also that it is necessary to introduce these weights because
the basic idea is to improvethe joint controllabilityand observability
for a set of modes, and not all modes are equally important phys-
ically. HSV can also vary by orders of magnitude and, therefore,
a few physically irrelevent modes could dominate an unweighted
scalar metric. Hence, the normalizing weight N° 4

uyi
is introduced to
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make each HSV equally important, assuming no a priori physical
knowledge of individual modes.

C. Selection Strategy
The goal is to maximize the weighted HSV metric J in Eq. (18)

using a smaller subset of actuators. This amounts to the following
combinatoryproblem: Given a candidateset of p actuator locations,
� nd a subset of ps actuators that maximizes J , speci� cally,

max
ps

J
n

i D 1

° 4
uyi

N° 4
uyi

° 4
wzi

(23)

Because this metric can be approximately expressed as a sum of
contributions from each actuator, the problem is essentially solved,
albeitapproximately.Hence, themost effective(in termsof J ) subset
of ps .·p/ actuators can be solved by inspecting a bar chart of
J act

k , k D 1; : : : ; p. An alternative strategy is to start with all p
actuatorsand removeall ineffectiveactuatorscharacterizedby small
numerical values of J act

k .
Note that the metric/strategy do not require the a priori speci� -

cation of the number of actuators and their locations. Instead, all
candidate actuator locations are considered without a need to ad-
dress all allowable combinations. This useful characteristic is in
stark contrast to methods where the number of actuators needed
must be � xed a priori before any analysis or optimization to deter-
mine their effective locations.

V. Results of Case Study
In this section, the results of applying the actuator selection

method to the PARTI wing is given. Table 2 summarizes the in-
put and output con� gurations de� ned for two cases considered. In
both cases, the simulated external disturbance inputs are chosen as
actuators7 and 8, the feedbacksensors are chosen as strains 1 and 2,
and the same set of eight piezoceramic actuators are chosen to rep-
resent the set of all actuator candidates. As a choice of baseline
reference HSV, all eight actuators and strains 1 and 2 were used in
both cases. The two cases only differ by the de� nition of perfor-
mance output variables, namely, strains 1 and 2 for case 1, whereas
case 2 uses strains 9 and 10.

Figure 4 shows the disturbance rejection (left bar) and baseline
HSV (right bar) for case 1. This baseline reference corresponds to
the maximum attainable HSV using all eight actuators. For case 1,
note the following:

Table 2 Input and output variables for actuator
selection and control design

Variable Case 1 Case 2

Perf output, z Strains 1, 2 Strains 9, 10
Disturb input, w Piezo 7, 8 Piezo 7, 8
Sensors, y Strains 1, 2 Strains 1, 2
Actuators, u Piezo 1:8 Piezo 1:8

Fig. 4 HSVs for case 1, C wz (left), ÅC uy (right).

Fig. 5 Contribution of each actuator to overall performance for case
1, Jact

k .

Fig. 6 HSVs for case 2, C wz (left), ÅC uy (right).

1) All disturbancerejectionand baselineHSVs show that all four
modes are signi� cantly controllable and observable.

2)The two most signi� cantmodesparticipatingin thedisturbance
rejection path are modes 1 and 3 (� rst and second bending modes,
respectively).

3) The relative sizes of the baselineHSV (all candidateactuators)
indicates the suf� ciency of the candidate set.

4) The baseline HSV is proportional to the disturbance rejection
HSV. This is partly the result of the equivalenceof the performance
and sensor outputs.

Figure 5 shows the contributionsfrom each actuator to the overall
performancefor case 1. The rankingof the individualactuatorsfrom
the most to the least effective is as follows: 2, 1, 4, 3, 5, 6, 7, 8. The
most effective (actuator 2) and the least effective (actuator 8) differ
by less than an order of magnitude.

Figure 6 shows both the baseline (left bar) and disturbancerejec-
tion (right bar) HSV for case 2. For case 2, note the following:

1) All disturbancerejectionand baselineHSVs show that all four
modes are signi� cantly controllable and observable.

2)The two most signi� cantmodesparticipatingin thedisturbance
rejection path are modes 1 and 2 (� rst bending and � rst torsional
modes, respectively).

3) The relative sizes of the baselineHSV (all candidateactuators)
indicate the suf� ciency of the candidate set.

4) Unlike case 1, the baseline HSV is not proportional to the
disturbance rejection HSV.

Figure 7 shows the contributionsfrom each actuator to the overall
performancefor case 2. The rankingof the individualactuatorsfrom
the most to the least effective is as follows: 4, 3, 2, 5, 7, 6, 1, 8.
The differencebetween the most effective (actuator 4) and the least
effective (actuator 8) is more than an order of magnitude.

The designeris free to choosewhatevernumberof effectiveactua-
tors is neededfrom the contributionsfrom each actuator.To evaluate
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Fig. 7 Contribution of each actuator to overall performance for case
2, Jact

k .

the result of the effectivenessanalysis, consider the two most effec-
tive actuators: actuators 1 and 2 for case 1 and actuators 3 and 4 for
case 2. Note that the two optimal actuator locations do not corre-
spond to the two disturbance inputs, which are actuators 7 and 8.
Obviously, the two optimal actuator set locations are more effec-
tive than the two disturbance inputs in exciting/controlling the four
modes of interest disturbed by actuators 7 and 8. The results of
the selection are validated by designing various control laws and
comparing their closed-loop performance in the next section.

VI. Controller Performance
A. Controller Design

Two types of control laws are used to evaluate the bene� ts of
the preceding actuator selection results. For both cases, closed-loop
performance is de� ned in terms of H2 and H1 norms of the transfer
function matrices from all external disturbances(process noise and
measurement noise) to the regulated outputs (performance outputs
and controleffort). Figure 8 shows the block diagramused in the de-
sign of control laws based on optimal H2 and H1 control theories.13

Both control laws are designed based on the predicted best pair of
actuators and the worst pair of actuators. The best pair of actua-
tors for case 1 was .u1; u2/, whereas the worst pair was .u7; u8/.
For case 2, the best pair of actuators was .u3; u4/, whereas the
worst pair was .u1; u8/. By comparing the controlled performance
between the predicted best and worst pairs for different control de-
sign strategies and output variables de� ning the performance, the
proposed actuator selection metric and methodology can be evalu-
ated. In all cases, the following weighting functions speci� ed in the
z domain are used:

Ww D 1:367 £ 1 C z¡1

1 ¡ 0:7265z¡1
I2 £ 2 (24)

Wm D 10¡5 £ I2 £ 2 (25)

Wz D Ww (26)

Wu D 0:1 £ I2 £ 2
(27)

The weights Ww and Wz are � rst-order digital Butterworth � lters
with cutoff frequencyat 10 Hz, which correspondsto 0:1 of Nyquist
frequency.The � lter has a realpoleat 0:7265and a zero at ¡1, which
de� nes the low-pass character. The cutoff frequency was selected
to emphasize the disturbance rejection of the primary � utter modes
(� rst two modes in Table1). In thisstudyfor simplicitysake,possible
in� uence from small measurementnoisewas in effect eliminatedby
choosing a small weight for noise, Wm . However, the weight matrix
for control input Wu was chosen to be a constant to indicate that a
signi� cant control penalty was enforced over all frequenciesand to
avoid singular control.

B. Performance Comparison
Tables3 and4 show theclosed-loopperformanceforboth typesof

control laws and two types of performanceoutputs in cases 1 and 2,

Table 3 H2 and H 1 performance for case 1

Case 1
Best pair Worst pair

Controller (u1; u2) (u7; u8 )

H2 3.32 (5.19) 3.81 (5.19)
H1 0.65 (2.82) 0.85 (2.82)

Table 4 H2 and H 1 performance for case 2

Case 2
Best pair Worst pair

Controller (u3; u4) (u1; u8 )

H2 4.15 (5.49) 4.91 (5.49)
H1 0.63 (1.94) 1.29 (1.94)

Fig. 8 Block diagram for control design.

Fig. 9 Maximum singular value frequency response for case 1, H2
control.

respectively. The H2 controller minimizes the H2 norm, which is
the root mean square strain response, whereas the H1 controller
minimizes the H1 norm, which is the worst-case strain response
from a band-limited random external disturbance. The correspond-
ing open-loopnorms are shown in parentheses.It can be seen that in
all four comparisons, the best pair consistently gives better closed-
loop performance.

Figures 9 and 10 show the maximum singular values of the
frequency-responsematrix from all disturbances to all outputs for
case 1. In both types of control law, the closed-loop performance
metric using the bestpair is signi� cantlybetter than the performance
metric correspondingto the worst pair of actuators. After changing
the disturbancerejectionde� nition as in case 2, as shown in Figs. 11
and 12, the best pair still produced signi� cantly better closed-loop
performance than the worst pair. Note that the responses for case 2
are clearly distinct from case 1 due to the difference in the perfor-
mance output variables.

The preceding results indicate that the particular inputs and out-
puts used to characterize wing � utter strongly affect the actuator
selection. This dependence is expected because the HSV of the
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Fig. 10 Maximum singular value frequency response, for case 1, H 1
control.

Fig. 11 Maximum singular value frequency response for case 2, H2
control.

Fig. 12 Maximum singular value frequency response for case 2, H 1
control.

disturbance rejection problem is used to weigh the HSV for the ac-
tuator selection. However, once the disturbance rejection problem
is de� ned, the optimal actuator set gives improved closed-loopper-
formance independent of the H2 or H1 control law selected. This
consistent improvement is partly the result of judiciously improved
controllabilityand observability in the open-loop system.

VII. Conclusions
The actuator placement metric consisting of a weighted HSV in

a disturbance rejection problem framework is intuitively attractive.
The dramatic simpli� cation of the placement metric for the � exible
wing considered in this study, essentially trivially solves the nec-
essary combinatory problem, albeit approximately. The simplicity
and the intuitive characteristic of this approach should be conta-
gious.For the experimental� exiblewing considered,the simulation
results convincingly demonstrated the bene� t of the piezoceramic
actuator selection methodology.
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